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Abstract 

The binomial tree model, an important method of pricing options, is often used to depict 
the entire process of how the price of the underlying asset changes. This report mainly 
focuses on different binomial pricing models for European and American options. The 
analysis combines rigorous mathematical deductions with simulation processes in 
Python. As a result, the report summarizes detailed formulae for pricing European 
options and conditions for exercising American options early. 
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1. Introduction 

The binomial model was first proposed by Sharpe as a method of valuating options and 
formalized by Cox, Ross, Rubinstein and Rendleman and Barrtter in 1979 [1]. The purpose of 
this report is to explore discrete-time binomial models for the pricing of European and 
American options. Based on the binomial tree model, formulae about pricing European options 
including dividends will be derived. Also, for American options with or without dividends, the 
emphasis is put on discussing the conditions for exercising them early considering American 
options is complicated. Moreover, the no-arbitrage prices are implemented in Python. 

Through the modeling of pricing options, it will be helpful to better understand how the 
derivatives work in the financial market. 

2. Symbol description 

Here is a description of some commonly used symbols in this article. 

𝑇—The number of binomial tree periods 

𝑢—The growth rate of stock price in one period 

𝑑—The decline rate of stock price in one period 

𝑅—Single period discount factor 

𝑆𝑗—The stock price at time 𝑗, 𝑗 ∈ 𝑁 

𝐾—Strike price of the option 

𝑐—Stock dividend ratio 
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3. European options 

3.1. European options with dividends 

3.1.1. One-period binomial tree for the pricing of European options 

Suppose the investor’s portfolio is composed by 𝑁𝑗
𝐵 shares of risk-free asset and 𝑁𝑗

𝑆 shares of 

risky asset at time 𝑗 [2]. Hence, the total value of the portfolio 𝑋𝑗  is 

𝑋𝑗 = 𝑁𝑗
𝐵𝐵𝑗 + 𝑁𝑗

𝑆𝑆𝑗 , 𝑗 ∈ 𝑁 

The definitions of both assets can be written, say at maturity time 1(𝐵0 = 1). 

𝐵1 = 𝐵0𝑅 = 𝑅 

𝑆1 = {
𝑆0𝑢  𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑝
𝑆0𝑑  𝑤𝑖𝑡ℎ 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 1 − 𝑝

 

Consider a European contingent claim that yields a payoff 𝐹(𝑆1) at time 1. If we can construct a 
portfolio such that 𝑋1 = 𝐹(𝑆1) , the no-arbitrage price 𝑉0(𝑆0)  of the option equals to the 
portfolio’s initial endowment 𝑋0 [3]. Thus, 𝑋1 = 𝐹(𝑆1) if and only if 

𝑁𝐵𝑅 + 𝑁𝑆𝑆0𝑢 = 𝐹(𝑆0𝑢) 

𝑁𝐵𝑅 + 𝑁𝑆𝑆0𝑑 = 𝐹(𝑆0𝑑) 

We substitute the variables into 𝑋0  and derive the final expression. Under the no-arbitrage 
principle, the option price is 

𝑉0(𝑆0) = 𝑋0 = 𝑅−1{𝑞𝐹(𝑆0𝑢) + (1 − 𝑞)𝐹(𝑆0𝑑)}, 𝑞 =
𝑅 − 𝑑

𝑢 − 𝑑
 

With regard to the situation with dividends, the same method can be used and the most possible 
change is in 𝑞. We then come up with some ideas to define 𝑞. 

(1) 𝑞 remains the same and the value is summed by two separate parts. 

𝑞 =
𝑅 − 𝑑

𝑢 − 𝑑
, 𝑉(𝑠) = 𝑅−1{𝑞𝐹(𝑠𝑢) + (1 − 𝑞)𝐹(𝑠𝑑)} + 𝑓(𝑐) 

(2) 𝑞 is a sequence of maturity times and shares the same law with 𝑐. 

𝑐 = 𝑐𝑛 , 𝑞 = 𝑞𝑛 = 𝑓(𝑢, 𝑑, 𝑅, 𝑐𝑛), 𝑛 ∈  𝑁 

(3) 𝑞 is a new function with a similar expression and exclusively includes dividends. 

𝑞 = 𝑓(𝑢, 𝑑, 𝑅, 𝑐), 𝑉(𝑠) = 𝑅−1{𝑞𝐹(𝑠𝑢) + (1 − 𝑞)𝐹(𝑠𝑑)} 

The crucial meaning of defining 𝑞  is that the unpredictable 𝑝  can be replaced by a fixed 
expression. Therefore the third conjecture is correct. This means we need to figure out a law 
that suits every maturity time. Hence, a binomial tree of at least 3 periods needs to be drawn. 

The law can be observed that we subtract the dividend and multiply by (𝑢 + 𝑐) or (𝑑 + 𝑐) to 
obtain the price value at the next maturity time. Think of the dividend that we subtract as a part 
of the risk-free asset. Hence,  

𝑋1 = 𝑁𝐵𝑅 + 𝑁𝑆𝑆1 + 𝑁𝑆𝑆0𝑐 
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Figure 1: Multi-period binomial model with proportional dividends 

 

We then derive two equations that exactly satisfy the law we have observed. 

𝑁𝐵𝑅 + 𝑁𝑆𝑆0(𝑢 + 𝑐) = 𝐹(𝑆0𝑢) 

𝑁𝐵𝑅 + 𝑁𝑆𝑆0(𝑑 + 𝑐) = 𝐹(𝑆0𝑑) 

Thus, 

𝑋0 = 𝑅−1[
𝑅 − 𝑑 − 𝑐

𝑢 − 𝑑
𝐹(𝑆0𝑢) +

𝑢 + 𝑐 − 𝑅

𝑢 − 𝑑
𝐹(𝑆0𝑑)] 

The two coefficients in the bracket add up to 1. We define the first one as 𝑞, 

𝑞 =
𝑅 − 𝑑 − 𝑐

𝑢 − 𝑑
 

Hence the final formula of pricing European options is 

𝑉0(𝑆0) = 𝑋0 = 𝑅−1{𝑞𝐹(𝑆0𝑢) + (1 − 𝑞)𝐹(𝑆0𝑑)}, 𝑞 =
𝑅 − 𝑑 − 𝑐

𝑢 − 𝑑
 

In addition, under the no-arbitrage principle, 𝑑 + 𝑐 < 𝑅 < 𝑢 + 𝑐. Thus, 𝑞 ∈ (0,1). 

3.1.2. Multi-period binomial tree for the pricing of European options 

Statement 

We start from the value tree of stocks and separate the price tree from the value tree. Thus, the 
price tree will double the number of nodes at each step. When pricing options, we fill the payoff 
of exercising in each node according to corresponding price tree node in the last column of the 
tree. Then we go backward to fill the option value of each column. The value of each node of the 
binomial tree equals to its two branches’ expectation in 𝑞 divided by 𝑅. 

 
Figure 2: Stock value tree(𝑢 = 2, 𝑑 = 0.5, 𝑅 = 1.5, 𝐾 = 120, 𝑆0 = 100, 𝑐 = 0.1) 



Volume 1 Issue 11, 2020 

DOI: 10.6981/FEM.202011_1(11).0031 

230 

Frontiers in Economics and Management 

ISSN: 2692-7608 

 
Figure 3: Option price tree 

 

There are many same values in the price tree constructed above. If considering the stock price 
only, there is no difference from the non-dividend stock price tree. Therefore we get the price 
tree diagram below. At each step we only need to add one node. The way to get the option price 
tree is the same as above. 

 
Figure 4: Stock value tree(𝑢 = 2, 𝑑 = 0.5, 𝑅 = 1.5, 𝐾 = 120, 𝑆0 = 100, 𝑐 = 0.1) 

 
Figure 5: Option price tree 
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4. American options 

4.1. No-dividend American options 

4.1.1. Multi-period binomial tree for the pricing of American options 

The method of constructing stock price tree and pricing options is the same as above. But we 
need to calculate the payoffs of exercising early. We will fill the greater one of them in the node 
of the option price tree. 

 
Figure 6: Stock value tree(𝑢 = 2, 𝑑 = 0.5, 𝑅 = 1.5, 𝐾 = 120, 𝑆0 = 100, 𝑐 = 0.1) 

 
Figure 7: Option price tree 

 

4.1.2. Discussion on early exercise 

4.1.2.1 Discussion on no-dividend American put options in the two-step binomial tree 

Beginning with the inequalities of exercising early, we observe five points of the stock value 
(𝑆0𝑑2, 𝑆0𝑑, 𝑆0𝑢𝑑, 𝑆0𝑢, 𝑆0𝑢2), which divides the value range of 𝐾 in 5 independent parts. 

𝑞(𝐾 − 𝑆0𝑢2)+ + (1 − 𝑞)(𝐾 − 𝑆0𝑢𝑑)+

𝑅
< (𝐾 − 𝑆0𝑢)+ 

𝑞(𝐾 − 𝑆0𝑢𝑑)+ + (1 − 𝑞)(𝐾 − 𝑆0𝑑2)+

𝑅
< (𝐾 − 𝑆0𝑑)+ 

By calculation, none of the inequalities hold when 𝑅 = 1. When 𝑅 > 1, in some parts one or two 
inequalities hold and thus we should exercise early. We use an axis of 𝐾 to sum up the situations. 
() 
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Figure 8: Situations on early exercise of two-step binomial model 

 

The crosses and ticks stand for whether we should exercise early. In addition, we can simplify 
the axis. 

 
Figure 9: Conclusion on early exercise of two-step binomial model 

 

The number above the axis stands for the amount of the inequalities that hold. When 𝑅 > 1 and 
𝐾 > 𝑆0𝑢𝑑, we should exercise the put option early. Otherwise, there is no need to exercise early. 

4.1.2.2 Discussion on no-dividend American call options 

Idea 1:In the two-step binomial tree (based on mathematical argument) 

According to calculation, all situations fail to satisfy the inequalities. Thus, non-dividend 
American call options will definitely not be exercised early. 

Idea 2:No-arbitrage 

Symbol description 

 𝐶 American call option’s price 

 𝑐 European call option’s price 

𝐶𝑗 the payoff of selling the American call option at time 𝑗 before time 𝑇 

The above options have the same maturity date and strike price. 

Construct an investment portfolio through buying a zero-return coupon bond that provides a 
return  𝐾 at time  𝑇, short selling a stock and buying a European call option. At time  0, the price 
of the portfolio is −(𝑆0 − 𝑐 − 𝐾𝑅−1). At time  𝑇, payoffs are sumed by European call option’s 
payoff, coupon bond’s return minus stock price. The outcome is  (𝐾 − 𝑆𝑇)+.  

Hence according to the no-arbitrage principle, −(𝑆0 − 𝑐 − 𝐾𝑅−1) ≥ 0. 

Thus, 

𝑆0 − 𝐾𝑅−1 ≤ 𝑐 ≤ 𝐶 

When 1R , the American call option’s price is always large or equal to the payoff of exercising 
the option. 

Supplementary notes 

Think of time 𝑗 as the new time  0, 

KSCKSC jj --00   

The price of the American call option is always large or equal to the payoff of exercising the 
option at any time [4][5].  

In summary, we do not need to exercise the American call option early. 
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4.2. American options with dividends 

4.2.1. Multi-period binomial tree for the pricing of American options 

Statement 

The method of constructing stock price tree is the same as before. The only difference is that 𝑞 
has the same expression as when pricing European options with dividends. 

 
Figure 10: Stock value tree (𝑢 = 2, 𝑑 = 0.5, 𝑅 = 1.5, 𝐾 = 120, 𝑆0 = 100, 𝑐 = 0.1) 

 
Figure 11: Option price tree 

 

4.2.2. Discussion on early exercise 

Beginning with a two-period American call option when the price goes up, we can only exercise 
it at time 1. Hence, the inequality of exercising early is 

(𝑆0𝑢 − 𝐾)+ > 𝑅−1{𝑞(𝑆0𝑢2 − 𝐾)+ + (1 − 𝑞)(𝑆0𝑢𝑑 − 𝐾)+},  𝑞 =
𝑅 − 𝑑 − 𝑐

𝑢 − 𝑑
 

Define the left and the right side as 𝐴 and 𝐸, think of them as functions of 𝐾. The interpretations 
of them are the price of exercising early and the European option price at time 1, which means 
no early exercise [5][6]. 

𝐴(𝐾) = (𝑆0𝑢 − 𝐾)+, 𝐾 ∈ [0, +∞) 

𝐸(𝐾) = 𝑅−1{𝑞(𝑆0𝑢2 − 𝐾)+ + (1 − 𝑞)(𝑆0𝑢𝑑 − 𝐾)+}, 𝐾 ∈ [0, +∞) 

By calculation, the slopes of 𝐸(𝐾) are always larger than 𝐴(𝐾), hence the two sloping sections 
of 𝐸(𝐾) can be treated approximately as one flatter line. By combining two functions in a graph, 
we create a shaded blue area where we exercise early.  
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Figure 12: The graph of function 𝐸(red) and 𝐴(green) 

 

Thus, for a two-period American call option with proportional dividends, we exercise it at time 
1 if and only if: 

𝑆0𝑢 − 𝐾0 = 𝑅−1[𝑞(𝑆0𝑢2 − 𝐾0)+ + (1 − 𝑞)(𝑆0𝑢𝑑 − 𝐾0)+],  0 ≤ 𝐾 < 𝐾0 

When it comes to multiple periods, the interpretation of 𝐴(𝐾) is the price when we exercise 
early at a random maturity time (defined as 𝑡) and the interpretation of 𝐸(𝐾) is the European 
option price at that time. The numerical value of 𝑡 is fixed as long as it is taken. Suppose the 
price continuously goes up before time 𝑡. Thus, we only need to focus on a part of the tree model. 

 

 
Figure 13: Part of the binomial tree model in multiple periods 

 

𝐸(𝐾) has multiple sections when 𝑇 is large enough. We think of 𝑆𝑡 = 𝑆0𝑢𝑡 as at time 0, thus this 
part contains 𝑇 − 𝑡 maturity times, which explains the payoff’s expression 𝐹(𝑆𝑇−𝑡) in 𝐸(𝐾). We 
can derive the expansion expression of 𝐸(𝐾)  by defining 𝑄  as the martingale probability 
measure. 

𝑄 = 𝑃(𝑆𝑇−𝑡 = 𝑆𝑡𝑢𝑖𝑑𝑇−𝑡−𝑖) 



Volume 1 Issue 11, 2020 

DOI: 10.6981/FEM.202011_1(11).0031 

235 

Frontiers in Economics and Management 

ISSN: 2692-7608 

𝐸(𝐾) = 𝐸𝑄[𝑅𝑡−𝑇𝐹(𝑆𝑇−𝑡)]

= 𝑅𝑡−𝑇 ∑ 𝐹

𝑇−𝑡

𝑖=0

(𝑆𝑡𝑢𝑖𝑑𝑇−𝑡−𝑖)𝑄

= 𝑅𝑡−𝑇 ∑ 𝐹

𝑇−𝑡

𝑖=0

(𝑆𝑡𝑢𝑖𝑑𝑇−𝑡−𝑖) (
𝑇 − 𝑡

𝑖
) 𝑞𝑖(1 − 𝑞)𝑇−𝑡−𝑖

= 𝑅𝑡−𝑇 ∑ (
𝑇 − 𝑡

𝑖
)

𝑇−𝑡

𝑖=0

𝑞𝑖(1 − 𝑞)𝑇−𝑡−𝑖(𝑆0𝑢𝑡+𝑖𝑑𝑇−𝑡−𝑖 − 𝐾)+

 

We use the formula ∑ (
𝑇 − 𝑡

𝑖
)𝑇−𝑡

𝑖=0 𝑞𝑖(1 − 𝑞)𝑇−𝑡−𝑖 ≡ 1  to calculate the slope of 𝐸(𝐾)  at any 

section 𝑗, which is 

𝑅𝑡−𝑇 [−1 + ∑ (
𝑇 − 𝑡

𝑖
)

𝑗−2

𝑖=0

𝑞𝑖(1 − 𝑞)𝑇−𝑖−𝑡] , 𝑗 ∈ [1, 𝑇 − 𝑡 + 2], 𝑗 ∈ 𝑁 

Therefore, the slope of 𝐸(𝐾) is increasing starting at −𝑅𝑡−𝑇  and ending at  0. In other words, 
𝐸(𝐾) is convex. The slopes of 𝐴(𝐾) remain −1 and 0. Thus, 𝐸(𝐾) is always flatter than 𝐴(𝐾). 

Based on the conclusion of slopes, we exercise the option early only if 𝐴(0) > 𝐸(0), whose 
result is 

𝑅𝑇−𝑡 > ∑ (
𝑇 − 𝑡

𝑖
)

𝑇−𝑡

𝑖=0

𝑞𝑖(1 − 𝑞)𝑇−𝑡−𝑖𝑢𝑖𝑑𝑇−𝑡−𝑖  

Hence we can create a shaded area for exercising early. 

 

 
Figure 14: The graph of function 𝐸(red) and 𝐴(green) 

 

When periods go to positive infinity, we can think of it as a smooth curve as a whole. Hence, the 
discrete-time model is an approximate continuous case.  



Volume 1 Issue 11, 2020 

DOI: 10.6981/FEM.202011_1(11).0031 

236 

Frontiers in Economics and Management 

ISSN: 2692-7608 

 
Figure 15: The graph when periods are infinite 

 

Here, one asymptotic line of 𝐸(𝐾) is dotted. The explanation of this line’s formation can be 
divided in two steps. The first step is defining (𝐾𝑙 , 𝐸(𝐾𝑙)) as a random point positioning in some 
section of 𝐸(𝐾), whose ordinal number is decided by the numerical value of 𝑙. For instance, 
(𝐾2, 𝐸(𝐾2)) is a point taken randomly in the second section of 𝐸(𝐾). The next step is separating 
the original (𝑇 − 𝑡) maturity times into infinite periods, which is expressed below as the infinity 
of 𝑥. Simultaneously, (𝐾𝑙, 𝐸(𝐾𝑙)) is forced to approach (0, 𝐸(0)) infinitely. In other words, the 
operation of the limit symbol and the summation symbol below are done in order. As a result, 
the secant line going through (𝐾𝑙 , 𝐸(𝐾𝑙)) and (0, 𝐸(0)) has a fixed slope value when 𝐾𝑙  tends to 
 0, which is this dotted asymptotic line’s slope. 

lim
𝐾𝑙→0

𝐸(𝐾𝑙) − 𝐸(0)

𝐾𝑙 − 0
= lim

𝑥→+∞
𝑅𝑡−𝑇 [−1 + ∑ (

𝑥
𝑖

)

𝑙−2

𝑖=0

𝑞𝑖(1 − 𝑞)𝑥−𝑖] = −𝑅𝑡−𝑇 

To sum up, for any American call option with proportional dividends, we exercise it at time 𝑡 if 
and only if 

𝑆𝑡 − 𝐾0 = 𝑅𝑡−𝑇 ∑ (
𝑇 − 𝑡

𝑖
) 𝑞𝑖(1 − 𝑞)𝑇−𝑡−𝑖(𝑆𝑡𝑢𝑖𝑑𝑇−𝑡−𝑖 − 𝐾0)+

𝑇−𝑡

𝑖=0

 

 0 ≤  𝐾 < 𝐾0 

𝑅𝑇−𝑡 > ∑ (
𝑇 − 𝑡

𝑖
)

𝑇−𝑡

𝑖=0

𝑞𝑖(1 − 𝑞)𝑇−𝑡−𝑖𝑢𝑖𝑑𝑇−𝑡−𝑖 ,  𝑞 =
𝑅 − 𝑑 − 𝑐

𝑢 − 𝑑
 

The situation of exercising American put options early is symmetric with calls. 

𝐴(𝐾) = (𝐾 − 𝑆𝑡)+,  𝐾 ∈ [0, +∞),  𝑡 ∈ [1, 𝑇),  𝑡 ∈ 𝑁 

𝐸(𝐾) = 𝐸𝑄[𝑅𝑡−𝑇𝐹(𝑆𝑇−𝑡)]

= 𝑅𝑡−𝑇 ∑ 𝐹

𝑇−𝑡

𝑖=0

(𝑆𝑡𝑢𝑖𝑑𝑇−𝑡−𝑖)𝑄

= 𝑅𝑡−𝑇 ∑ (
𝑇 − 𝑡

𝑖
)

𝑇−𝑡

𝑖=0

𝑞𝑖(1 − 𝑞)𝑇−𝑡−𝑖(𝐾 − 𝑆𝑡𝑢𝑖𝑑𝑇−𝑡−𝑖)+
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Figure 16: The graph when periods are infinite 

 

As a result, for any American put option with proportional dividends, we exercise it at time 𝑡 if 
and only if 

𝐾0 − 𝑆𝑡 = 𝑅𝑡−𝑇 ∑ (
𝑇 − 𝑡

𝑖
)

𝑇−𝑡

𝑖=0

𝑞𝑖(1 − 𝑞)𝑇−𝑡−𝑖(𝐾0 − 𝑆𝑡𝑢𝑖𝑑𝑇−𝑡−𝑖)+,  𝐾 > 𝐾0 

5. Conclusion and discussion 

In summary, in the one-period binomial tree model, the risk neutral probability 𝑞  will be 

defined as 
𝑅−𝑑−𝑐

𝑢−𝑑
 and achieve a new formula to price European options with dividends 

compared with the situation of no-dividend European options. As for the multi-period binomial 
tree model, pricing procedures are the same as one-period model apart from adding more 
nodes. Additionally, based on the two-period binomial tree, for no-dividend American options, 
puts could be exercised early when 𝐾 > 𝑆0𝑢𝑑 and 𝑅 > 1 and calls do not need to be exercised 
early. For American options including proportional dividends, there exist opportunities for 
exercising early, which is different from no-dividend American calls. Perhaps, the discussion 
for pricing American options including dividends could be further improved if advanced studies 
can be carried out. 

Recapping the whole research process, it is essential to apply critical thinking and learn by 
analogy. Meanwhile, all errors during research provide opportunities for team members to look 
into various thinking perspectives. 
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